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REALIZATIONS OF µ–τ INTERCHANGE SYMMETRY
W. GRIMUS∗
Institute for Theoretical Physics, University of Vienna
Boltzmanngasse 5, A-1090 Vienna, Austria
∗E-mail: walter.grimus@univie.ac.at
Some models for the lepton sector, based on seesaw extensions of the Standard Model, are discussed
in which the µ–τ interchange symmetry is realized in various ways. The symmetries defining such
models and their characteristic predictions for lepton mixing are presented.
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1. Mass matrices with µ–τ
interchange symmetry
At present, all data from neutrino oscillation
measurements are compatible with the lep-
ton mixing angles1
θ23 = 45
◦ and θ13 = 0
◦. (1)
A neutrino mass matrix with these proper-
ties, in the basis in which the charged-lepton
mass matrix Mℓ is diagonal, exhibits a µ–
τ (interchange) symmetry—for early papers
on this issue see Refs. 2, 3. Assuming that
the lepton flavours α are ordered in the usual
way with α = e, µ, τ , the µ–τ symmetry for
a matrix M (S) is formulated as4
TM (S)T = M (S) ⇒M (S) =

x y yy z w
y w z

 ,
(2)
where T is a permutation matrix, performing
the flavour exchange µ ↔ τ . If M (S) is con-
ceived as a Majorana neutrino mass matrix
Mν , it is easy to see that it predicts the mix-
ing angles of Eq. (1). There are no further
predictions of M (S).3
With µ–τ antisymmetry5,6, one obtains
TM (AS)T = −M (AS) ⇒
M (AS) =

 0 p −pp q 0
−p 0 −q

 . (3)
AssumingMν = M
(AS), this matrix gives6
θ12 = θ23 = 45
◦, m1 = m2, m3 = 0. (4)
We gather from this result that M (AS) is not
suitable as a neutrino mass matrix, however,
its predictions are not excessively far from re-
ality, if we assume θ13 to be sufficiently small.
2. Mν versusM
−1
ν
(1) Denoting the diagonalizing matrix of
Mν by U and assuming detMν 6= 0, we
observe the relationship
UTMν U = mˆ ≡ diag (m1,m2,m3) ⇔
U † (Mν)
−1
U∗ = (mˆ)
−1
. (5)
(2) Next, we assume the validity of the see-
saw mechanism: Mν = −M
T
DM
−1
R MD
with the neutrino Dirac-mass matrixMD
and the mass matrix MR of the right-
handed neutrino singlet fields νR whose
mass Lagrangian is given by
LM (νR) =
1
2
νTRC
−1M∗RνR +H.c. (6)
If Mℓ is diagonal and MD has the form
MD = diag (a, b, b), then µ–τ symmetry
(antisymmetry) of (Mν)
−1
is equivalent
to µ–τ symmetry (antisymmetry) ofMR.
To impose µ–τ symmetry on MR we simply
have to require invariance of LM (νR) under
νR → TνR; for µ–τ antisymmetry the trans-
formation is νR → iT νR.
1
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With the assumptions of Item (2) it
makes sense to impose conditions on the in-
verse mass matrix3,7 instead of on the mass
matrix itself. Obviously, (Mν)
−1
can be de-
composed as
(Mν)
−1
=M (S) +M (AS). (7)
This rather trivial observation is the point of
departure for the following discussion where
we will present several models which realize
the µ–τ interchange symmetry within seesaw
extensions of the Standard Model (SM).
3. The framework
We consider the lepton sector of the SM, en-
large the scalar sector to three Higgs doublets
φj (j = 1, 2, 3) and add three right-handed
neutrino singlets ναR for the purpose of the
seesaw mechanism. The left-handed lepton
doublets are denoted by DαL and the right-
handed charged-lepton singlets by ℓαR ≡ αR.
We impose the following symmetries:
(1) The groups U(1)Lα (α = e, µ, τ) as-
sociated with the family lepton num-
bers Lα, or, alternatively, DL →
diag (1, ω, ω2)DL and, analogously, for
ℓR and νR, with ω = e
2πi/3, correspond-
ing to the symmetry group Z3.
(2) The symmetry transformation DL →
ikTDL, ℓR → i
kT ℓR, νR → i
kTνR,
φ3 → −φ3, which either corresponds to
the µ–τ symmetry for k = 0 or to the
µ–τ antisymmetry for k = 1.
(3) An auxiliary symmetry Z
(aux)
2 defined by
the sign change of the fields ναR (α =
e, µ, τ), φ1, eR.
It is easy to check that the most general
Yukawa Lagrangian compatible with these
symmetries is given by
LY (φ) =
−y1D¯eLνeRφ˜1 − y2
(
D¯µLνµR + D¯τLντR
)
φ˜1
−y3D¯eLeRφ1 − y4
(
D¯µLµR + D¯τLτR
)
φ2
−y5
(
D¯µLµR − D¯τLτR
)
φ3 +H.c. (8)
Note that the symmetries of Item (1) enforce
diagonal Yukawa couplings, Item (2) pro-
vides the µ–τ -symmetric strucure of the cou-
plings, and Item (3) makes sure that φ3 does
not couple to νR; the latter point is impor-
tant for supplying the µ–τ -symmetric form
MD = diag (a, b, b) of the neutrino Dirac-
mass matrix.
The µ–τ (anti)symmetry is sponta-
neously broken by the VEV of φ3, which al-
lows for mµ 6= mτ .
4. A model based on S3 × Z
(aux)
2
The model presented in this section8 is based
on the group S3. We have the following rep-
resentations: DL, ℓR, νR ∈ 1 ⊕ 2, φ1,2 ∈ 1,
φ3 ∈ 1
′. We add a complex scalar χ such
that (χ, χ∗) ∈ 2. The connexion of S3 with
the symmetries of the previous section is ob-
tained via
2 :


(12 )→
(
0 1
1 0
)
,
(123 )→
(
ω 0
0 ω2
)
,
(9)
where (12 ), (123 ) ∈ S3. The cyclic permuta-
tion represents the Z3 symmetry of Item (1),
whereas the transposition (12 ) is mapped
into the µ–τ symmetry of Item (2). The
trivial one-dimensional representation is de-
noted by 1 and 1′ is given by (12 ) → −1,
(123 )→ 1.
Apart from the Lagrangian (8), the sym-
metries allow Yukawa couplings of the singlet
scalar, described by the Lagrangian
LY (χ) =
y∗χ ν
T
eRC
−1 (νµRχ
∗ + ντRχ) + (10)
1
2
z∗χ
(
νTµRC
−1νµRχ+ ν
T
τRC
−1ντRχ
∗
)
+H.c.,
and a νR mass term
Lmass = (11)
1
2
m∗νTeRC
−1νeR +m
′∗νTµRC
−1ντR +H.c.
We assume the VEV of χ and m, m′ to be of
the order of the seesaw scale.
July 3, 2018 4:38 WSPC/Trim Size: 10in x 7in for Proceedings real
3
Table 1. The four scalar multiplets with respect to the family
symmetries of the models of Sec. 5.
Case χ Le Lµ Lτ µ–τ antisymm. (Mν)
−1
(1) χee −2 0 0 χee → −χee (ee) 6= 0
(2) χµτ 0 −1 −1 χµτ → −χµτ (µτ) 6= 0
χeµ −1 −1 0(3)
χeτ −1 0 −1
χeµ ↔ −χeτ (eµ) 6= −(eτ)
χµµ 0 −2 0(4)
χττ 0 0 −2
χµµ ↔ −χττ (µµ) 6= −(ττ)
This model yields the inverse neutrino
mass matrix8
(Mν)
−1
=

x y yy u eiψ w
y w u e−iψ

 . (12)
With the decomposition (7) and Eqs. (2)
and (3), we find z = u cosψ, q = i u sinψ,
p = 0. For ψ = 0 or π, Eq. (12) yields a µ–τ -
symmetric neutrino mass matrix. If ψ 6= 0,
µ–τ symmetry is partially broken, such that
the matrix of absolute values in (Mν)
−1 is
still µ–τ -symmetric. Which case is realized,
depends on the type of symmetry breaking of
S3: If it is broken spontaneously, then ψ = 0
or π; if, in addition, its Z3 subgroup is bro-
ken softly via terms of dimension one and
two in the scalar potential, sinψ is non-zero.
In the latter case, there are correlated devia-
tions from Eq. (1), approximately given by8
cos 2θ23 ≃ −2 c12s12 (13)
×
∆m2⊙
c212m
2
1 + s
2
12m
2
2 −m
2
1m
2
2/m
2
3
s13 cos δ,
where ∆m2⊙ = m
2
2 − m
2
1 is the solar mass-
squared difference and δ is the CKM-type
phase in U . For an inverted neutrino mass
spectrum, θ23 is still maximal for all practi-
cal purposes. For a normal spectrum, pos-
sible deviations of θ23 from 45
◦ are most
pronounced in the hierarchical case, namely
cos 2θ23 ∼ −3 s13 cos δ.
5. A class of models based on
µ–τ antisymmetry
Here we discuss a class of models based
on conserved lepton numbers and µ–τ
antisymmetry—see Sec. 3, Items (1) and (2).
Since a µ–τ -antisymmetric MR is singular,
we add complex scalar gauge singlets which
carry lepton numbers. Such scalars have the
general Yukawa couplings
LY (χ) =
1
2
∑
α,β
z∗αβ ν
T
αRC
−1νβR χαβ +H.c.
(14)
In Table 1 we have listed the four basic cases
of scalar singlets compatible with the fam-
ily symmetries. Their VEVs make MR non-
singular and induce a µ–τ -symmetric contri-
bution in (Mν)
−1
—cf. Eq. (7)—as shown in
the last column of Table 1.
CombiningM (AS) with one or two of the
cases in Table 1 for the construction of MR
leads to ten models—see Table 2. Of these
models, only five are compatible with the
data, as indicated in this table. Each of the
five viable models has six physical parame-
ters inMν . Models (1)–(4) (four parameters
in Mν) and model (10) (five parameters in
Mν) are ruled out; properties of these mod-
els which lead to contradiction with the data
are found in the last column of Table 2. For
the viable models, the preferred or predicted
neutrino mass spectrum is indicated in that
column.
Let us make some comments on the mod-
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Table 2. The models which can be constructed
by using one or two of the scalar multiplets of
Table 1. A cross (tick) indicates that the model
is ruled out (allowed) by the data. The numbers
(1)–(4) refer to the cases in Table 1.
Case Validity Comment
(1) : – ✘ s2
13
> 0.1
(2) : – ✘ s13 tan 2θ12 > 1
(3) : – ✘ ∆m2
⊙
/∆m2
atm
> 1
(4) : – ✘ ∆m2
⊙
/∆m2
atm
> 1
(5) : (1)+(2) ✔ any spectrum
(6) : (1)+(3) ✔ normal preferred
(7) : (1)+(4) ✔ any spectrum
(8) : (2)+(3) ✔ inverted spec.
(9) : (2)+(4) ✔ inverted spec.
(10) : (3)+(4) ✘ ∆m2
⊙
/∆m2
atm
> 1
els of this section. Whenever
(
M−1ν
)
ee
=(
M−1ν
)
µτ
= 0, then ∆m2⊙/∆m
2
atm > 1,
where ∆m2atm =
∣∣m23 −m21∣∣ is the atmo-
spheric mass-squared difference. This is the
case for models (3), (4), (10) and the reason
why they are ruled out. If
(
M−1ν
)
ee
= 0,
then only the inverted neutrino mass spec-
trum is possible. Among the allowed models,
this applies to (8) and (9). Finally we want
to mention that model (8) is the most predic-
tive one; e.g., a slight deviation of sin2 2θ23
from one leads to a large s213, which in prac-
tice gives the lower bound sin2 2θ23 > 0.99.
For further details see Ref. 6.
6. Conclusions
In this report we have combined a µ–τ in-
terchange symmetry with family symmetries
which give diagonal Yukawa couplings in or-
der to obtain a predictive neutrino mass ma-
trix. We have considered extensions of the
SM which have three Higgs doublets and
right-handed neutrino singlets for the seesaw
mechanism. Other important ingredients are
scalar gauge singlets which induce, upon ac-
quiring VEVs, contributions to MR. With
diagonal Yukawa couplings, lepton mixing
stems solely from a non-diagonal MR and
conditions on MR are translated into condi-
tions on (Mν)
−1
. While exact µ–τ symme-
try inMν or (Mν)
−1
leads to Eq. (1), devi-
ations from exact µ–τ symmetry can lead to
interesting correlations between atmospheric
mixing and θ13. Though exact µ–τ antisym-
metry in Mν or (Mν)
−1
is not viable, it is
nevertheless a useful concept, in combination
with the above-mentioned scalar singlets, for
producing predictive models.
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